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The Mechanics of Deep l&ter. Shallow Hater, 

and Broakiag Waves 

Abstract - Ixperimeatal data are presented for deep water, shallow water, aad 
breaking waves with respect to the wave surfaee tisse history, the horisoat&l aad 
vertical particle velocities end the particle orbits.  The measurement*! are c»»- 
pared where applicable to Stokes wave theory* .The results are that the Stokes 
ware theory'^****»*)*, aad other ware theories^*3,4)# show good agreement with 
the measurements for deep eater conditions sad evea to d/b values of approxi- 
mately G»2. The theories do aot apply for shallow water conditions where d/L 
values are appreciably less than 0*2 aad the waves have an appreciable steepness* 

Introduction «• The purpose of this report is to preseat experimental data oa the 
!B*eh"aaioii"o7 waves aad to ooapare the as data with the Stokes wave tb.eoryvl»2,3,4}# 
The wave surfaoo tins history, horisoatal aad vertical particle velocities aad 
the particle srbit were measured ia deep water, shallow water, and for breald.Bg 
waves* The Stokes theory showed good agreeiasat with the measurements for eeadi- 
tioas where &/x# was greater than about 0*2* For shallow water waves (d/L appreel*- 
ably less than 0*2) of appreciable steepaess &*A  for breaking waves oa sloping 
beaches, the Stokes theory to the second approximation shows poor agreement* It 
was found that steep waves near the breakiag point oa a steep beach will sheer 
oioser agreement witt the Stokes theory thaa low waves oa a flat beach* The 
surface time history at the point of breakiag shows close agreement with the 
space profile at a distance of 20J6 of the wave length oa either side of the break- 
ing points The greatest horizontal particle velocity occurs when a wave breaks, 
but there is no evideaoa that any particles approach the wave velocity exoep's tfe$ 
particles at the crest of the breakiag wave. The greatest vertical velocity 
oocurs in aa upward direction, just as the wave breaks* Vbr unbroken waves that 
are asymmetrical about the crest, the greatest vertical velocity occurs in an 
upward direction, just as the wave orest approaches the particle. Extremely 
shallow water waves ia a channel form a second wave that travels at a slower 
velocity than the original wave, thus forming waves that do aot have a permanent 
form* The particle orbit of this wave train ooasists of aa ellipse within an 
ellipse if the secoad wave is ia the trough of the original wave. No mass trans- 
sort studies wg?$ attempted because of unknown tank effects. 

Experiments - The experiments were conducted in the 1 ft* by 3 ft* by 60 ft* wave 
channel ia the Fluid Mechanics Laboratory, University of California, Berkeley* 
A mixture of carbon tetrashloride, xyleae (xylol) aad sine oxide was made, whiofct 
had the same specific gravity as water. Droplets were injected into the water 
aad the resulting motion was photographed through the glass sides of the channel 
with a motion picture camera. A clock and grid were placed in the field of view 
in order to obtain time and space coordinates. The motion pictures were analyzed 
frame by frame to obtain the data presented.  The particle orbits for the deep- 
water and shallow-water waves were adjusted so that the apparent mass transport 
was eliminated*  This was done ^ measuring the apparent mass transport over one 
wave cycle and apportioning the negative of this motion linearly over the particle 
path for one wav* cycle* During all experiments with unbroken waves, the waves 
were made as steep as possible* 

"""Superscript numbers in parentheses r©fer to references at end of report 



first and Seeoad Approximations of;.8tokga Jjg!g_3igggg« *&*>  first and second 
approximations of Stokes"wave theory were compared with the measured wave surf- 
ace time history, horizontal and vertical particle velocity and the particle 
pith. 

Cl 2) Tha utwsond approximation of Stokes wave theory for the wave profile ' *  i» 
gi-raa by tha expression 
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8 * slention of the particle above the bottom (ft.)} in this case 
til* surface partial* 

d * *till«water depth \ft.) 
H e wave hei^it (ft) 
5 s k~ricostal distance from origin (the ware ere^t) to the partiole (ft.) 

. L s WSTS length (ft») 
t s time (sso») 
T s way* period (sec) 

Sedation (l) becomes the surface time history by replacing x/l with t/T which 
is possible for waves of permanent form* This was the only theory used for 
comparison with the measured surface time history "because ths treohgldal surf- 
ace time history(3»*) and Stokes1 deep water surfaoe time history^), all 
agree oiesely with eaoh other and with tha measured surfass time history^f or 
deep water* In shallow water the previously mentioned expressions for the surf- 
aoe time history do not agree with each other nor with the experimental results* 
FurtherBwre, the third approximation of Stokes waTe theory will only sit Atly 
improve the situation* She writer believes it would take many approximations 
to extend the Stokes wave theory to waves of appreciable steepness in very 
shallow water* 

The first approximation (Stokes) to the horizontal particle velocity^ is 
eivsa by the expression^   _ 

J.S SMAIS *> TT        Al— Ce8d (2> 
Sinh 

where 

-a * horizontal partiole velocity, (ft* per sec*) 

& s angular position of particle in its orbit measured counterclockwise 
and where there is no mass transport, (degrees) 

The us© of 9 is a modification of the Stokes equation which includes the 
assumption that the-horizontal partiole velocity is zero at tha mean vartioal 
particle position. The use of © applies only for the first approximation. 
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The second approxias&tion (Stokes) of th# horizontal particle velocity^1*2' *s 

given by the expression 
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where 

x - horizontal position of partial© in its mean horizontal position (ft). 

o * wave velocity of propagation*  (ft/see) 

The particle veloelty under the crest becomes 
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and ti;.« particle velocity under th$ trough becomes 
2?rs   _ „g»2   «««u '*7r* • .   „\  -»7^H  Posh Sy ,r.   a  »-*»-   *"*.«. —^- 
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The absolute values of u (©rest) and m (trough) aad the maximum value of 
Equation (2) ursrs se^arsd to th* »ii#»y«i h^riz^ntal particle velocities under 
the craft and trough of the waves* la d@*p water all the expressions gave the 
same close agreement* la shallow water for mares of appreciable steepness, 
Equation (2) (linear theory) oasnaree more closely to the experimental results 
tien -the 3«oond approximation of the Stokes wave theory. 

The second approximation (SteJces) to the vertical partiole velocityw (v in 
ft«./se0o) is given by the expression 
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which for the mean vertical partiole position becomes 
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This result is common to both the first and second approximations in deep or 
shallow water* 

The second approximation (Stokes) to the horizontal particle positionv • * in 
its orbit with no mass transport is given by the expression 

x «"J ESgam &j^t) - 7?V~?^TJ - i;* * ^^^~~\ Sin ^(x-ot)    (8) 
L - —— vi 
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f  _i V 
where S  for this ease is the mean p&rtieie elevation abov© the bottom, U"t. / 
Squ&tiQa 6 seems almost entirely inadequate for all but a few values of »• 
la deep water and for "better agreement in shallow water the equation ms-Ms-e- 
duoed to 

g Gosh —7—   _. , Zrr  .. . . . 

Sinn —s-*- 

The soooad approximti^a (Stefces)'- to the vertieel particle position "»2^ ta 
it® orbit is given by the ©xpr£3«l©& 

| giah ££-£    2jr^ -<      1 1^2 ^^LSfe «*g     **- ,    , 
y s f — •.-.r.-Ai.- So* -r-vx-ot) * -re ~• ^ '  Afe', °« -ip- V« - m 

it '*»••. 

So? shallow pater Bquatioa (10) b#e«es iaadequftte aad better results were ob- 
tained when it ^as reduced to the following exprssition ' 

1   Siah.£U- g^r   f«.**V-'- '•"•* 

The «lgaF »lasg and sosiae ooaventioa used i& the above equations are ©oasiateat 
with the figures presented in the report and say irwry slightly fr m  30*« ef t^a 
refereaees* 

Regulfcg aad pjjgaagioat The experimental result* are presented in grepaieal fotea. 
X*su3Sary of"^he wave oonditions oovered is presented in fable X* I&gures 1 to 
S ss^er the seaditions of * greater than about 0*2* litres S to 1Q£  and IT to 
25 ©over the conditions of** m less than Q»ZQ»    RS,@ires 11 to J$ ©over the ease 

of breaking weves on/sloping beaehef.. ^;M»oe ^er* dan %# a,o;abrapt-eh*|^:vlp^i4 
good agreement to bad agreement* J&gures 5, 6 and 17 where values @f 4/tr raag^ 
between ©#20 to 0#10 may be classed as the region where the italteef theeiy 
deflates 2($» or more from the measurements for waves of appreciable stespaasa. 

ligare 1 shows a very steep, deep-water wave (d/L s O«8s0) where the theoretical 
results for th* seeiond approxisaation of the Stokes theory are appre*ipately the 
game as for the first approxias&tioa. She a&sisus error between the theory and 
measurements is about 20% based en tha measured results* The partiele path for 
this way© condition is almost ex&otly a sirsle8 Figure 2 where ^ * 0«449 is 
almost identical with Figure 1, but with a wave that is somewhat less steep. 
KLgure 3 shews a relatively steep 'WQ"?*  in water th£t is rela-hivaiv simllee' 
(d/l,•» 0»2Se). Ihe theoretiaal horizontal partiela veloeity shows the •mrlation 
between the first and seoond approxiia&tieas * The agrseasat between measurement 
and theory is generally within 2C$ based on the measured results for this ease. 
Figure 4 (d/L m  0*228) is almost identical with Figure 8. The partiole path in 
this oas© is now ©lliptioe.1. 



!5.gur* § shows a very steep -HUTS in relatively shallow water (d/L * 0»19l) and 
is An example of the beginning of the deviation of the second approximation, 5&s 
surf&ss $&jf history has a definitely flat trou^i for more tdma. 60$ of the ware 
©yule -Wibioir is characteristic of shallow water waves of appreciable steepness. 
The ^orisontal particle velocity distribution shows less curvature than the steep 
w»rs. shown la Figure 1. She data presented thus far on horizontal particle 
velocity indicate that the particle velocity at a given elevation above the 
bottom is the same jasigaitude under the crest as under the trouble Ifes e*«o»d 
approximation of the Stokes theory indicates that the variation between the 
trough horizontal particle velocity and the crest velocity at the same level 
should be ab®at 2®JL*    ftm  point has now been reached wher« the difference 
between £b* first and second approximation is about the same as th« differene* 
between the aie&sur^sents end the S-tokag theory so that w*f»8 in more shallow water 
can be expected to show even greater variation betgeeest theory and aeasureaent* lor 
this example (figure 5} the particle path is elliptical but is more rounded at the 
crest and flattened at the trough both in s*agureme»t and theory indicating typical 
shallow water effects. Another example of a wave in the sens range is nhmtn  in 
l^gar##J& and *7* Shis wave would not be considered •te«p la deep ws.tsr„ but it 

a stf^js isa-re Is ifeis relatively shallow water (d/L * Q»120). "Dae -wave surfiwe 
time history and horizontal particle velocity shows good agreement with the theory 
bat in the latter case a definite increase is the difference br/bween crest and 

' trough "i^ogi&y a* the seme lev*! it shown, 

Esm&rkmbly good agre«sisni between the measured vertical particle velocity and 
the theoretical results is shown in figure 17 for this wave condition. In the 
Figures 6 and 17 and ia the following figures 7 to 10 and 18 to 2S.e the waves 
were made as steep as possible for the shallow isater condition presented* 

Figures 7, li and 22 shows a relatively steep wave in relatively shallow water 
(d/L 2 0*079) which if definitely beyond the region of good agreement. Any 
agreemsnt of ike ««<*.» ar*ja»nts with the theory probably is s£r* coincidental than 
anything else* for  instance, the secondary *ave shown in the theoretical profile 
of the second approximation (Figure 7a) is for a wave of permanent form, but the 
measured wave doss not have a permanent form since the secondary wave is travel*6 

lag at a different velocity than the large wave* , She agpeameBt between horizontal 
particle velocity and.the theory is poorj however, there is considerable experi- 
mental scatter in this example (figure 7>), Figures ?§, Sga,- ssd-22fe shew fairly 
close agreement between theory and measurement, but the theory is a mixture of 
the first and second approximations• She first approximation i* ffsed in the x 
direction and the second approximation is used in the y-direetion. Although the 
agreement is good, this approach is arbitrary in that using on* approximation or 
wie other depends upon a chosen d/L without any rules for this ohwiee. If the 
second approximation is used in the x direction,, the theoretical curve extends 
beyond the borders of the graph. The first approximation in the y-direotion* if 
used alone, woulu mean a symmetrical orbit about y a 0. In Figure 18, tile theory 
has d*part«4 oonsidcrabiy from ths measured values of the vertical particle 
velocity. The wave illustrated in Figures 3, 19 and 23 is in slightly more 
shallow water (d/L * 0.057) than the wave of Figures 7, 18 and 22, but is other- 
wise identical. The theoretioal surface time history differed so greatly from 
the measurements ffeat it was considered not to apply and was not shown. In 
Figures 8b, 8c, 23a and 23b, only the first approximation was used and showed 
better agreement to the measurements than the second approximation which could 
not be contained within the graph. This close agreement of the first approxi- 
mation is contradictory to the theoretical approach indicated in that the 



p©eoad approximation should for all oases be better than the f irat a^proxiwit L«a?i* 
Figure 19 of the vertical partiole velocity for this wave SQOWB that the theory 
lays within the experimental soatter* 

The wave eoadltion (~ - 0*044) of figures 9, 20 and 24, *ad -to,® wave condition 

is 0*035) ©£ figures 10, 21, and iso shsw sucfe poor agreem&nt rith the Stokst 
s theory that the theoretical curves could not be contained within the limits 

of the <yaphs except for the horizontal said vertical particle ~e loci ties* la 
^tgurs ICa, a'eeooadajry save is shown traveling at ajaost half the velocity of 
th# larger wave. •= la Figures 10© atd 2fi,. the s-seondapy wave appears as- an jnaer 
loop ia the partiole orbit* la Figure 9a, a slight soosadary wave was shown aad 
tiis cause* the hesitant partial© motion shorn at the right sid« c-f Figures 9o 
aad 24* la Figures 9b aad 10b, the horizontal particle motion under the trough 

»  definitely less than the particle velocity wider  the orsatt Strther, the 
mseljpiia: riorisontal particle -Telocity at the ©rest of the ware has not be pa to 
Approach the order of magnitude of the wave Telocity, 

TS|s experimental results of the breaking waves on a sloping beaoh aad the experi- 
mental results of the waves ia very shallow water shew that the trends of the 
ater partiole motion of the shallow water waves are continued when the wave 
reaks. The breakiag waves presented are classified by the beaoh slope and 
sheir deep-water ste#psess» Two beach slopes (IglQ aad 1»50) were selected as 
about representative ©f the two extremes possible ia the model* From the modal 
study it was found that steep waves on a relatively steep beaoh plunged upon 
breaking while lav w&vss spilled ur m breakiag* On a flat beaoh, the steep waves 
form spilling breakers aad the law waves form plunging breakers* Figure 11 is 
aa example of a very low wave on a steep beaoh* The surface time history is 
asymmetrieal aad very irregular* She irregular waves in the trough are traveiiag 
seaward* la Figure 11a, the surfaee time history and the space profile show good 
agreement over a distance of 20$ of the wave length on either side of the crest* 
The horizontal particle velcoity at the orest is approximately twice that at the 
bottom* However the maximum partiole velocity uader the trough is the same as 
uader the orest at the same level* The maximum partiole velocity ttear *&* orest 
is not as great as the wave velosity* The partiole motion including mass traas« 
psrt is very irregularj however, it was observed wiikia a relatively narrow 
region of the breaks? that the maximum vertical partiole velocity occurred as th* 
wave crest appreaohsd and the maximum horizontal velocity occurred -when the wave 
broke, evea though the partiole was not direotly under the breaking crest. That 
is, the maximum horizontal partiole velosity occurred at a position other than 
the maximum elevation ia the orbit if the particle was not direotly under the 
crest when uhe wave broke„ Hence for such particles that were seaward of the 
breaker the maximum horizontal velocity ocourred slightly afterward or exactly 
as the wave crest passed* For particles that were shoreward of the breaker 
maximum horizontal velocity occurred before the orest passed (foam line). The 
wave condition of Figure 12 is identical to that of Figure 11 except that the 
wave is steeper in deep water* «br this wave the horizontal particle velooity 
at the orest is nearly the same aa the wave velocity. Figure 15 shows a steep 
wave on a steep beach3 This is the only breaking wave for which the Stokes 
theory was contained within the borders of the graph* Agreement between th«* 
breaker and the theory was not expected but it is interesting to find fair 
agreement as to the order of magnitude which ms found for this case alonee 
Especially significant is that the horizontal particle velocity under the orest 
and trough are ©qual at equal levels* Henoe steep waves on steep beaches behave 
more like waves in relatively deep water cf constant depth than any other waves 
on sloping teacher-,. This is apparent if the facts are considered that a steep 
wave cannot shoal very muoh without breaking and that isaves shoal rapidly in a 
short distance on stesp beaches*  Thus a steep wave on a steep beach cannot 
change much in snap.? before break! ngo 



Figure 14 shows & low wave on a flat beach. The  surface time history is flat 
and Icag la the trough which Is typical of Tory sh&I&sr-w&ter wave*. The hori- 
«oiital particle velocity is tyrical of very shailow*<water waves ia that the 
velocity uader the ©rests is about twice th* particle velocity \uidsr the trewgh* 
2he suttjUpas, particle velocity near tU erest is nearly osuel to the waro velocity.* 
T«o particle path shows Mis very slow and hesitant motion of the trough sot off 
fr«6 tfas Tory rapid motion as the crest pas a«« aad breaks*. Figure IS is a 
slidttly steeper wave than Figure 14 oat is otherwise idcxiti*»lc Sg&em  id is 
thai of a very steep ware oa a flat beach. Again the phenomenon of Figure 13 
is repeated* £h* profile is sore symmetrical. The  particle veloeitisai under 
ths crsst aad trough are equal« la this ease the particle path is sore regular 
or uniform- la Figure XSb aad 10b. the maximum aorisoat&l particle ^eleaity 
Bear the ores t is oaly half the ware Telocity at hreakiag* Shis is evidence 
that ooly the elightest escust of watsr at the crest ef the mtms  ere? attains 
the velocity of wave propagation even at the hreakiag point. Figures 11a to 
16*. all shssrsdISiSt the surface time history (x » 0) passed the hreakiag point 
aad the space profile (t s 0) Show close agreeaiat- over a distance of about 

' of the wave length oa either side of ths hreakiag point. 

Sopgiusioip i Si* Stokes wars theory to the second approximation was compared 
to a wig* range of s&del wave eoaditioaa. The wares were uniformly generated 
akd progressed orer constant depths aad slopiag beaches* Fros ebservatioa aad 
comparison the following conclusions seem justified! 

Is The theory aad measurement for eurfaes time histories or profiles, 
for vertical aad h©ri«oa*el particle velocities, aad for particle orbits sfe * 
agreement within 20$ (based oa the measured data) for all wares where «^>0«£« 

a. There exists a range of J, between 0«2 aad 0,1 where the theory shows 

fair agreement with the measurements of waTes with appreciable steepness* 

5. "Shore «•<£. 0#1, the theory does not agrss with the ffiaasuresents 

either-for waTes in eonstaat depth or for wares breaking on slopiag beaches. 
It was aot expected that the theory would compare with these Tery shallow-waier 
waves* 

4. In deep aad relatively deep water the horizontal particle velocity 
uader the crest and under the trough are equal in magnitude at the same elevation 
above the bottoms In shallow water the horisoatal particle veloeity uader the 
crest may be about trice the r^galtude as the particle velocity under the trough 
at the same level. Very steep.waves oa slopiag beaches arc similar to deep- 
water waves in regard to the fact that the horizontal particle velocity uader 
the crest aad trough are equal at the same level. Low waves on a low beach are 
similar to very shallow water waves in this respect. 

5. Tho Maximum horiscat&I particle velocity at the crest of the wave 
may attain the wave velocity of propagation as the wave breaks but this 
phenomeaon is confined to a very narrow region of water at the crest of the 
wave. 



©« Waves in very shallow water that form secondary waves are net 
wave* ©f fss*wsj&3»§ fer*» the secondary wave travels at a velocity which is 
lees than ifes velocity of the original wave train, the secondary wave cause* 
a s«ooad loop in the* particles orbit* 

T« 3&e aarffcee tiae. history and the spe.ee profile are nearly identi- 
aal within a distance of about 20  of the wave length on either side of the 
crest of a breaking wave. 

8, She sa&xioam vertical particle velocity occurs at the asses particle 
position (y s 0). Xa the ease of breaking waves on sloping beaches, the great- 
est »*y*T«y vertical velocity occurs as the wave crest approaches* fh« mxteem 
feorissat&X particle velocity occurs under the crest when the wave passes or 
breaks* However, the waaflgasi horisonteX partieXe velocity nay occur slightly 
before or slightXy after the particle reaches the »axia« elevation in its 
action, that is slightly before or after the wave ortst passes,, depending on 
'•hither the '^article is shoreward or seaward^ respectively, of the breaker* 

leferenoes 
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Table I 

Susemery of Average Ware Con&itiotte 

Fart It    Unbroken naves of ooaste^t hei#it and period 

fig. So* ' i: L f- £ a By% <iA Bottom 
ft* ffce **o. ft/eeo ft. Slope 

1 Q.3S2 3*76 0.87 4.84 2*09 0*096 0.666 lor. 
2 0.146 2*71 0,74 5aSS 1.216 0,064 0.449 Ii60 
5 0*065 1.28 0*60 2.38 0.292 0*063 C,2S9 Eor, 
* 0,287 6.17 1.06 5.06 1.181 0.087 0.226 1*8$ 
5 0*469 6*42 1.22 4.44 1.056 0.067 0.191 Ew» 
6 0.099 2.66 0.92 2.64 0.292 0-087 C,U0 HOT. 

-r • - ., -. o.iso 8.71 1.30 3.02 0.292 0*031 0.079 Ho?, 
a 0*105 6.10 1.62 3.24 0.292 0*021 0*081 lor* 
9 ©.xsi 6.66 2.11 2.99 0.292 0.020 0.044 3or. 

10 0*126 8.32 2.67 3.61 0*292 0.016 C.036 Sor 

Fart IIJ    Breaking TTB.T*S of sons taut period 

IS.g» Ie* 

11 
12 
13 
14 
IS 
16 

Si *B SB. dB Nk Boston 
ft. &*o. re/Mo* ft. sa^jj sjops 

0.54 2.60 8.46 0*262 0^0026 IflO 
0.37 1.61 4,66 0.300 o,02oc- i»io 
0.36 1.00 3.66 0.423 0.0797 1*10 
0*264 2.62 3,60 0,297 0.0037 ilSO 
0.276 1.41 4.00 0*330 0.0262 liSO 
0.183 0.78 3.60 0*280 0.0778 1?60 
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